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Abstract 

Let M(A) be a Verma module for a basic classical simple Lie superalgebra 
g 7^ G(3) denned using the distinguished Borel subalgebra, and let 7 be an 
isotropic positive root of q. As a special case of our first main result we show 
that if A G f)* with A — /i = 7 we have 

dimHom B (M(ju), M(A)) < 1. 

This result applies to the construction of Sapovalov elements for isotropic roots. 
The proof rests on a comparison with the corresponding result for a certain 
simple Lie algebra G. 

1 Introduction. 

Throughout this paper we work over an algebraically closed field K of character- 
istic zero. We present a new connection between the representation theory of a 
basic classical simple Lie superalgebra g 7^ G(3) and a certain simple Lie algebra 
G. Specifically we are interested in Verma modules, highest weight vectors and 
Sapovalov elements for the two algebras. 

The proofs of certain basic properties of Verma modules for a semisimple Lie al- 
gebra depend heavily on the fact that the enveloping algebra is a domain. However 
the enveloping algebra of a simple Lie superalgebra usually has zero divisors, and it is 
not clear that the proofs from the semisimple case can be adapted. For the study of 
Sapovalov elements it would be useful to know that any Verma module can contain, 
up to a scalar multiple, at most one highest weight vector with a fixed highest weight. 

Let h be a Cartan subalgebra of q. As is well-known, there are in general sev- 
eral equivalence classes of bases of simple roots for q under the action of the Weyl 
group. We choose a basis containing a unique isotropic root (3. Verma modules are 
constructed using this basis of simple roots. Let no be the set of nonisotropic simple 
roots, Q = ^2 a£ u Na and fix 7 £ j3 + Q . For example this will hold if 7 is a 
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positive isotropic root. 

One of the main results of this paper is as follows. The remaining notation will 
be explained later. 

Theorem A. For any fi, A G f)* with A — jx = 7 we have 



It was shown in [Musl2| Section 9.3 that (jl.ip also holds provided A — \i € Q . 
Whether (jl.ip holds in general is an open question, but we note that the analog of 
this inequality fails for parabolic Verma modules over simple Lie algebras, [IS88aJ. 

Theorem A follows from another result, Theorem B, which provides a linear map 
<j) from the space of vectors of weight A — p(g) — 7 in M(A) to a suitable weight 
space in a Verma module over a simple Lie algebra G, such that 4> preserves highest 
weight vectors. Roughly speaking the Dynkin diagram for G is obtained from the 
corresponding diagram for g by replacing the unique grey node by a white node, but 
there are some exceptions to this rule for osp(4, 2). We delay the precise statement 
of Theorem B until subsection 12.81 since it requires the introduction of some nota- 
tion first. In Theorem C we obtain a uniqueness and existence result for Sapovalov 
elements corresponding to isotropic roots of g. As an application of uniqueness we 
prove a result (Corollary 16. 4p relating Sapovalov elements corresponding to isotropic 
roots to those corresponding to non-isotropic roots. 

The enveloping algebras U(q) and U(G) have markedly different properties in gen- 
eral. However we only need to consider the action of positive root vectors on weight 
spaces in a Verma module, with weights "close"' to the highest weight, and in this 
respect the two algebras are remarkably similar. We use the remainder of this intro- 
duction to provide some justification for this statement, and an outline of the proof, 
again delaying the introduction of the notation. 

First observe that the (Dynkin-Kac) diagrams for the two algebras obtained by 
deleting the replaced nodes from the diagrams for g, G are the same, and hence they 
correspond to isomorphic subalgebras p and P of g and G respectively. Next we use 
partitions to index a basis {e-,,-} of each weight space in U(n~). It turns out that 
the condition that tt is a partition of 7, with 7 as in Theorem A, places some strong 
conditions on tt. For example if a is a non-isotropic root such that it (a) > 0, then 
(in most cases, see Lemma 12.51 for the precise statement) a is a root of p. The next 
step is to deal with positive isotropic roots. We introduce a certain p-submodule c 
of g containing the root vectors for all such roots, and show that c is isomorphic to 
a p-submodule C of G. After this has been done, it should be clear how to define 
the map 4> m Theorem B on basis vectors, at least up to some scalar multiples, and 
then the rest of the proof consists of checking that it works. 



dimHom B (M(/i),M(A)) < 1. 
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2 Preliminaries. 



2.1 Contragredient Lie superalgebras. 

We first recall the construction of contragredient Lie superalgebras. Let A = be 
an n x n matrix of rank I with entries in K. A realization of A is a triple (fj, IT, n v ), 
where f) is a vector space and 

n = { ai ,...,a n }, n v = {h 1 ,...,h n } (2.1) 

are linearly independent subsets of h*, f) respectively, such that 

Oj(7it) = Oi 3 -. (2.2) 

By |Kac90j . Proposition 1.1 the matrix A has a minimal realization (h, LT, Il v ), which 
is unique up to isomorphism. This condition means that dim f) = 2n — I. Now if r 
is a subset of {1,2,..., n}, the Lie superalgebra g(A, r) is generated by the vector 
space f) and elements ej, fi, hi (i = 1, . . . , n) with hi € I) subject to the relations 

[e»>/j] = <%^i, (2.3) 
[h,h'] = 0, (2.4) 

[h,ei] = ai(h)ei, [h, fi] = -ai(h)fi (2.5) 

for i, j = 1, . . . ,n and /i, /i' E f). The ^-grading on g(A, r) is given by 

deg hi = 0, deg = deg fi = for i ^ r 
deg ej = deg fi = l for i G r. 

There is a unique ideal r of g which is maximal among all ideals of q which intersect 
f) trivially, and we set 

g = fl (A,r) =s(A,r)/r. (2.6) 

Let G(A,t) be the derived subalgebra of jj and C the center of G(A, r). Let n + 
( resp. n~) be the subalgebra of q generated by e\, . . . ,e n (resp. fx, . . . , f n ). We say 
that two matrices A, A' indexed by the same set are equivalent if A' can be obtained 
by multiplying the rows of A by nonzero constants and relabeling the indices. Any 
basic classical simple Lie superalgebra can be constructed as a contragredient Lie 
superalgebra, usually using several different equivalence classes of matrices. However 
whenever a particular matrix A is specified we use the Borel subalgebra b = f) n + 
with n + as above, and take the simple roots to be the cti as in equation (|2.ip . 

2.2 Cartan matrices and Lie superalgebras. 

To describe our construction, it is easiest to begin with a simple Lie algebra G of 
rank r > 1 (or the Lie superalgebra osp(l,2r)) with Cartan matrix A', and suppose 
that 1 < m < r. We assume that if G is of type D then m < r — 1. Suppose that D 
is an invertible diagonal matrix such that A' = DA' is symmetric. It is easy to see 
the following. 
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Proposition 2.1. There is a unique symmetric r x r matrix A such that 

(a) The m th diagonal entry of A equals 0, 

(b) For m < i < r, the i th row of A equals the i th row of A', 

(c) If m > 1, i/ien for i < m the i th row of A equals — 1 times the i th row of A' . 

It follows from our construction that the set of simple roots of g contains a unique 
isotropic root. 

Example 2.2. Let G = sl(2m), and let A' = A' be the Cartan matrix of G. If A 
is the matrix from Proposition 12. l\ then g = q(A, {m}) = g[(m,m). Note that A 
is the negative of the usual Cartan matrix for g, see for example }Musl2| Exercise 
5.6.12. In this case we take the subalgebra f) of diagonal matrices as the Cartan 
subalgebra, and as generators ei,fi,hi satisfying relations (|2.3[) - f)2.5[) we take the 
elements = e^+i for 1 < i < 2m — 1, 

e i+1;i+ i - e iti if 1 < i < m - 1 

Cm,m &m+l,m+l if i — 

e^j - ej + i )i+ i if m + 1 < i < 2m - 1, 
and 

_ f -ef anspose if 1 < i < m 

transpose tf m + ! < j < 2m _ 1. 

Let ( , ) be the invariant bilinear form ( , ) on g defined by (x, y) = — Supertrace (xy) 
for x,y € g. In this case g has a one-dimensional center C and G(^4, {m})/C = 
ps[(m,m). Working with g = g[(m,m) instead of pst(m, m) in this case permits a 
more unified treatment, and as far as representation theory is concerned, there are 
only minor differences. 

A natural question is, what are the Lie superalgebras that arise in this way? To 
answer this we describe our construction using Dynkin-Kac diagrams. Recall that 
the Dynkin-Kac diagram for a contragredient Lie superalgebra, is a graph with 
three kinds of nodes O , <8> and # called white, grey and black, which correspond 
to even, isotropic and odd non-isotropic roots respectively. Nodes of the diagram 
correspond to simple roots, and are numbered from left to right. As explained in 
[Musl2| the Cartan matrix of a finite dimensional non-exceptional contragredient 
Lie superalgebra is determined by its square submatrices of size at most 3, and for 
this reason we give only the diagrams with at most 3 nodes. The information is 
summarized in the tables at the end of this paper. A few remarks are in order 
at this point. First, as mentioned before our construction also works if G is the 
simple Lie superalgebra osp(l,2r). In fact we adopt the following unconventional, 
but extremely useful rule. From now on we use the term simple Lie algebra to 
mean either a Lie algebra from the usual A-G classification or the Lie superalgebra 
osp(l,2r) for some r. Since the simple Lie algebras of type Eq,Ej,Es and G2 have 
no Lie superalgebra analog which is finite dimensional contragredient under our 
construction, we assume that G is not isomorphic to any such algebra. 
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2.3 Invariant Bilinear Forms. 



We assume that the matrix A is obtained from A' using Proposition 12.11 and set 
= g(A, {m}). Since A' and A' are equivalent, fl(A',0) = g(A',0). Also by |Car05j 
Corollary 14.16, g(A',0) = G. An important role in this paper is played by the 
bilinear forms on Cartan subalgebras of G and g defined by the matrices A' and A. 
It will be convenient to change our notation for the generators , fi for g slightly. 
Thus if q = cti G II is a simple root of g, we shall write e a and e_ Q in place of e^, fi 
respectively. Note that equations (|2.2|) . (|2.3p and (|2.5[) imply that for a, a G II, 

Let ai, . . . , a r (resp. a[, . . . , a' r ) be the simple roots of g (resp. G) corresponding 
to the nodes of the Dynkin-Kac diagrams, and define a linear map v : fj* — > H* 
by u{a.j) = a' v Analogs for G of notions related to g are generally denoted by the 
corresponding capital letter. In particular N^,H,B denote the analogs of n ± ,h,b. 
The generators of G corresponding to e a ,e- a ,h a are denoted E l/ ^,E_ u ^,H l/ ^ a y 
These elements satisfy the relations 

[H„( a ),E_ u (a)] = -a' a ,n E -v(oL)- ( 2 - 8 ) 



We suppose next that g 7^ g[(m,m). By [Kac90| or |Musl2| Theorem 5.4.1, the 
Lie superalgebra g has an invariant supersymmetric bilinear form ( , ) such that 

(/l Q ,/ior) — fl«ai {&ai fa) — $aa- ( 2- ^) 

Furthermore the form ( , ) is nondegenerate and even, and the restriction of ( , ) to 
I) is nondegenerate. From (|2.2p and (|2.9p it follows that for any simple root a we 
have 

(h a ,h) = a(h) for all h G f)- (2.10) 

We use (|2.10p to define elements h a £ [) for all a £ h*. Then the map a — > h a gives 
a linear isomorphism from f)* onto f). 

We define nondegenerate symmetric bilinear forms ( , ) g , ( , )g on t)*,H* re- 
spectively by 

(a,a) g = a Q a, {v{a),v(a)) G = a a75l (2.11) 

for all roots a, a. 

Most of the modifications necessary to deal with the case where g = g[(m, m) have 
been taken care of in Example 12.21 However since f)* is not spanned by roots in this 
situation, we define elements h a G f) by (|2.10p corresponding to any a G t)* . Then 
the first equation in (12. lip continues to hold. 
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For a a non- isotropic simple root, we set n n = /?' Q ) B ., , and a v = / 2a \ . Since 
the row of A indexed by a equals n a times the corresponding row of A', it follows 
that 

(a,a) s =n a (u(a),v(a)) G , (2.12) 

or equivalently 

a a ,a = n a a' a;n , (2.13) 
for any roots a, a of g with a non-isotropic. 



2.4 The exceptional Lie superalgebras _D(2,1; c). 
Let A be the matrix 



-2 
1 




1 

-c 
-c 2c 



and set D(2, l;c) = fl(.A, {2}). In [Musl2] this algebra is called the exceptional Lie 
superalgebra D(2,l;a), where a = — c, but we are using a to denote a root. If 
c = —1,2 or 1/2 then g = D(2, 1) = osp(4,2). Otherwise g cannot be constructed 
using the previous method. However our main results still hold for g, and to adapt 
the proofs, we let A' be the Cartan matrix of G = st(4). We need the subalgebra p = 
gi © g2, where gi (resp. g2) is the subalgebra of q generated by e%, f\ (resp. e^, fa). 
Thus gj = sl(2) for i = 1,2. We define the map v as before. Then (|2.12p continues 
to hold, where now n a = — 1 if a is a root of gi, and n a = c if a is a root of g2- 



2.5 Verma Modules. 

Let A + = A + (g) (resp. A + (G)) be the set of positive roots of g and G respectively, 
and let po(fl) (resp. po(G)) be the half sum of the positive even roots of g (resp. of 
G). Similarly pi(g) (resp. pi(G)) denotes the half sum of the positive odd roots of 
g (resp. of G). Then set p(g) = po(g) — Pi(fl)) an d p(G) = po(G) — pi(G). We have 
triangular decompositions 

g = n"ef)en + , G = N~ H iV + 

of g and of G respectively. Now for A G fj*, let Kvx- P ( s ) be the one dimensional 
b-module with trivial action of n + and weight A — p(g), and define the Verma module 
M(A) by 

M(A) = f/(g) ® u(b) Kv x _ M (2.14) 

Similarly given A E H* , define the Verma module Mq{K) for G with highest weight 
A -p{G) by 

M G (K) = U(G) ® U(B) Kv A _ p(G) . 
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2.6 Root Vectors. 



Let p and P be the semisimple subalgebras of g and G generated by all root vectors 
e± a and E± v r a \ respectively, where a is a non-isotropic simple root. The Dynkin 
diagram for p is obtained from the Dynkin-Kac diagram for g by deleting the m th 
node. Removing the m th node from the Dynkin diagram of G results in the same 
diagram. Thus p and P are isomorphic Lie algebras, and we need to consider a 
particular isomorphism. 

Lemma 2.3. There is an isomorphism of Lie superalgebras 9 : p — > P , such that 
for each non-isotropic simple root a, 

6(e- a ) = E_ u ( a) , 9(e a ) = n a E v ^ and 9{h a ) = n a H u<ya) . (2.15) 

Proof. This is a matter of checking that the defining relations are preserved, for 
example if a, a are both non-isotropic simple roots we have 

[0(e a ),0(e_ a )] = 0([e a ,e_ a ]) = 5 a)a n Q H u ^ a - ) , 

and using (j2. 13j) . 

[9{ha),6(e a )\ = 6 ([ha, e a ]) = n a n a a aA E v( ^ a y 

□ 

We extend 9 to an isomorphism U(p) — > U(P) also denoted 9. This isomorphism is 
quite useful, because it means that certain computations to be carried out in U(p) 
will have counterparts in U(P) that are easy to write down, see equations (|2.16p . 
(14.7ft and (15.5p . Moreover, it is due to the isomorphism 9 that we are spared any 
case-by-case analysis. 

Write p = gi © g2 where gi = sl(m), if m > 1 or gi = if m = 1, and g2 is 
a semisimple Lie algebra corresponding to the Dynkin diagram to the right of the 
deleted node. Now for each simple root a of p and each positive integer t we have 
by (j2. 15j) . that for some polynomial pt 

[e a ,e l _ a \ = e^aP^ha), and [E v (a)>E-v(a)\ = n a l Et ^ a) Pt(n a H u(a) ). (2.16) 

For each non-simple root a of p fix e_ Q € p~ a , and let E_ v ^ = 9(e- a ) & 

Let (3 be the unique isotropic simple root of g. Choose e-p £ g - ^ and E_ v ip\ G 
Q-v(P) I, Then let c (resp. C) be the ad p-submodule of p generated by e-p, (resp. 
the ad P-submodule of G generated by E_ u ^). We use the map 9 to make C into 
a p-module. 

Lemma 2.4. As p-modules, c and C are isomorphic. 
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Proof. By equation (|2.12p we have 



= n a v{p)(H v(a) ) = v{p){p{h a )) (2.17) 

for any non-isotropic root a of p and hence e_p € c and S C are lowest 

weight vectors with the same weight. □ 

Next choose e_ T £ g~ T and set E_ v i T \ = 9(e- T ) G G~ U ( T \ Since c and C are 
generated as p-modules by repeated application of positive root vectors, we can 
extend 9 to a map 9 : p c — )• P © C such that 

0([e_ Q ,e_ T ]) = [£_ Ka) ,£U (r) )], (2.18) 

for a a positive root of p, and — r a root of c. Set q = p c and Q = P © C . Now 
q need not be a subalgebra of g. Nevertheless we say that a is a root of q (or c) if 
g a C q or Q a C c respectively. 

The roots are described explicitly in terms of certain linear functionals €i,5j in 
[Musl2| . The only case where II contains an odd non-isotropic root arises when 
g = osp(2m + 1, 2n), and the last node of the Dyknin-Kac diagram is black. In this 
case go = o(2m + 1) ©sp(2n) and the short positive roots of o(2m + 1) are e\, . . . , e m . 
Now we can describe the set of roots of c explicitly. 

Lemma 2.5. 

(a) IfU does not contain an odd non-isotropic root, then the roots of c are precisely 
the odd positive roots of g. 

(b) If U contains an odd non-isotropic root, then the roots of c are the odd positive 
roots of g and the roots e±, . . . , e m . 

Proof. Left to the reader. □ 

Set Q + = Xlaen If 77 G Q + , a partition of n is a map tt : A + — > N such that 
7r(a) = or 1 for all a G and 

7r(a)a = n. 

aGA+ 

If 7r is a partition of n, we set | vr | = J2aeA+ ^ia) and ||-7r|| = n. 

Lemma 2.6. Let tt be a partition of 7, and a a rooi suc/i that 7r(a) 7^ 0. 

(a) a is a root of q. 

(b) If a is isotropic root then tx{q) = 1. 

Furthermore there is a unique isotropic root f3' such that vr(/3') > and we have 

7T(/3') = 1. 
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Proof. Suppose first that II contains an odd non-isotropic root. Define a group 
homomorphism deg : © Z5j — > Z © Z by setting deg ej = (1, 0), deg <5j = 
(0, 1) for all Then deg 7 = (1, s) for some integer s > —1. The result follows from 
a consideration of the degrees of the positive roots. The other cases are similar. □ 

Corollary 2.7. The dimensions of the vector spaces U(n~)~' y and U(N~)~ U ^ are 
equal. 

Proof. The dimension of f/(n~)~ 7 is the coefficient of e~ 7 in 

I la a positive isotropic root of q \ ' / 

TT 7] _ F -a\ ' 

1 la a positive non-isotropic root of q v / 

but this is the same as the coefficient of r"W in 

n (i-o -1 . 

a a positive root of Q 

and this equals dim^ U(N-)~ V ^\ □ 



2.7 Weight Spaces in Verma Modules. 

By Lemma [2.61 we now have a basis for all root spaces of g and G that we will need. 
The next step is to introduce bases for the weight spaces in the Verma modules. As 
usual this is done using partitions. We denote by P(t/) the set of partitions of 77. 
We say the partition 7r is non-isotropic if ir(a) = for all isotropic roots a. If a is a 
partition of 77 for some rj € (7 — Q + ) D Q + we say that a is a sub-partition of 7. Fix 
an ordering on the set A + , of positive roots, and for tt a sub-partition of 7, set 

e - = n e i o) g c/ ( n_ )' ( 2 - 19 ) 

the product being taken with respect to this order. In addition set 

e - = n e -X) e u ( n ~^ ( 2 - 2 °) 

a£A+ 

where the product is taken in the same order. From now on we consider only 
partitions it such that vr(/3') > for at most one isotropic root. In this case if 
tt(P') > for j3' isotropic, we arrange that the root vectors e_^' and E_ v iri\ occur last 
in the products (|2.19p and (|2.20p . If tt £ P(7) then we have a unique decomposition 

e- n = e^e^e^/, (2.21) 

where £ and £ are sub-partitions of 7, € J7(gi),e_£ € U(g2). Later, we fix an 
order on the factors of e_^, see subsection ()3. 1|) . 
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2.8 The map cj). 



From now on fix A € f)*, and define A € H* by requiring that (A, a) s = (A, v(a))c 
for every non-isotropic simple root a, and (A — p(g),/3) = (A — p(G),u(/3))c For a 
sub-partition a of 7 define 

a a root of gi 

if g ^ D(2, 1; c). If g = L>(2, 1; c) set 

a an even root of g, a-(a) > 

Theorem B. There is a bijective linear map (f) : M (A) A ~ p(s) " 7 — > M G (K)^ P ^ U ^ 
which preserves highest weight vectors, given as follows 

^(e-^A-p(g)) = (-l) rW £-^ A -p(G) if 5 + D(2, 1; c), (2.22) 



He-nV\- P ( Q )) = s n E^ n v A _ p{G) if g = D(2, 1; c). 

From this point on we assume that g ^ D(2, 1; c) and prove Theorem B in this case 
only, leaving the reader to fill in the details when g = D(2, 1; c). All the definitions 
needed to do this have already been given, and in some respects the proof is easier 
for g = D(2, 1; c) due to the simpler structure of p and c. We set m(a) = 1 if a is a 
root of gi, and m(a) = if a is a root of g2- Then n a = (—l) m( - a \ 

Proof of Theorem B. The map is bijective by Corollary 12.71 Extending the above 
notation slightly, we now set (f>(e- a vx^ p ( s )) = (— l) r( - <T ^-E'_ -WA-p(G)5 when a is a sub- 
partition of 7. For the isotropic simple root /3, set ng = 1. Then it follows from 
equations (|4.ip and (|5.ip below that for any simple root a, 

<t> ■ ^^-^A-ptg)^ = n a E v ^ ■ (j) ^2 a ^ e -^ V \-p{s)j • (2.23) 

□ 

The dot is inserted for clarity whenever a positive root vector acts on an element of 
a Verma module. Theorem A follows at once from the corresponding result for G 
and Theorem B. 

Note that if g ^ D{2, 1; c), then (ET22D becomes 

<j>{ ^2 a^e^f A _ p(0) ) — ► {-W {7T) ^E^v K _ p{G) . (2.24) 

ttGP(7) 7reP(7) 
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3 Commutators. 



3.1 The Lie algebra sl(m). 

In the proof of Theorem A we need to express certain commutators [e a , e-^] with a a 
simple root and 7r € P(t)> as a linear combination of monomials as in (|2.19p . In do- 
ing this we need to compare r(rj) with r(ir) for each monomial e-^ that arises. Now 
the definition of r(iv) depends only on roots from gi. So the main part of the com- 
putation takes place in U(g\) where, since gi = s[(m), an explicit calculation can be 
made. Thus for the remainder of this subsection gi will denote the Lie algebra st(m). 

We say that a product p' of root vectors of gi is equal to another such product 
p up to a trivial rearrangement of their factors, if p' can be obtained from p by 
exchanging the order of a sequence of pairs of commuting root vectors. We denote 
the usual matrix units in gi by ejj. It turns out that with a suitable ordering of 
these matrix units, any commutators that arise are already multiples of monomials 
as in (I2.19P up to a trivial rearrangement of their factors. We define an order on the 
eij with i > j by saying that ej j > eke if either i < k or i = k and j < t. 

For example, any monomial of the form 62i e 4 2 e 4 3 e 8 7 (with the usual condition 
on the exponents) has the form e_£ for a suitable partition £. 

Lemma 3.1. If a is a simple root o/gi and ir(a) = 0, then either [e a ,e- n ] = 0, or 
[e a ,e~ n ] = J2ri^v e -v where the sum is over partitions rj with r(r]) = r(7r) — 1. In 
this case we have [E u ^, E^ w ] = J2 v ^v^-v 

Proof. By the Leibniz rule, it is enough to consider commutators involving the power 
e\ j of a root vector that occurs in e- % . Under the stated hypotheses, e a = e^^ + \ 
where 1 < k < m, and [e Q ,e£ ■] ^ if and only if k + 1 = i, or k = j. Because 
7r(a) = 0, only one of these conditions can hold. In the first (resp. second) case 
we obtain a contribution to [e a ,e- n ] with e\ ^ replaced by frej-ije^ 1 (resp. by 

—he\~ 1 eij + i). Since all root vectors of the form ej_i )P (resp. ej jP ) commute, this 
proves the result after a trivial rearrangement of the factors. □ 

3.2 Commutators in U(g). 

Suppose that a is a non-isotropic root, and that a is a partition such that a(a) > 0. 
Define the partition W by 




a(a) — 1 if a' = a 
o~(a') if otherwise. 



If a{a) = we make the convention that = 0. 



Set S(ir, a) = {rj € P(7 — a) : r(r]) = r(7r) + m(a) mod 2}. 
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Lemma 3.2. For a non-isotropic simple root a and partition a we have 



[e a ,e- a ] = e-ah+ b a ^e- n . (3.1) 

i)£S(ff,a):i)^ff 

where the b art are scalars, and h is a linear polynomial in h a . 

Proof. Since [e a , e- a ] £ U(b~) it can be written as a linear combination of e-^ with 
coefficients in U{\]). Also, since a is a simple root, the only way a non-constant 
term from U(l)) can arise is from a commutator of the form [e a , el^] and this gives 
rise to the first term on the right of (|3.1|) . For the remaining terms, note that if 
a is a root of gi, then by Lemma 13.11 [e a ,e_ CT ] is after a trivial rearrangement a 
linear combination of e.^ where r(r/) = r(o~) — 1. Otherwise to rewrite [e a ,e_ CT ] 
in the correct order gives rise only to commutators in U(g2), so we need only use 
partitions r] with r{rf) = r(a). □ 

4 The non-isotropic case. 

The goal of this section is to show 

Proposition 4.1. If a is a non-isotropic simple root and ir £ P(7), then 

4>(e a ■ e- 7T v x _ p{Q) ) = n a E v(pc) ■ <p(e- 7T v x _ p ^ ) ). (4.1) 

Write 

e-x = e_ CT e*_ a e_ T (4.2) 
where a and r are partitions satisfying a (a) = r(a) = 0. Then 

e a ■ e- n v X - p ( s ) = Kv\- P ( s ) + £ttV X -p( s ), (4.3) 

where, using (|2,16p 

kn — ([^a; C_ CT ]6_ q,C— t &—o&—a\pcn 6 — r])i ^tt — C_ (7 6_ Q , Pt(/l Q .)e_ T . 

Note that e-^et^ e_ T = e_£ where £ is a sub-partition of 7 such that 

KC) + m « = r ( 7r )- ( 4 - 4 ) 

On the other hand we have, 

E u(a) ■ (t>{e- n v x _ p{s) ) = (-1) t{7t) E u{a) ■ E-nVx-p(G) ( 4 -5) 

= (-iyM( K7T + L n )v A _ p{G) , 

where 

K tt = {[E v (a)i E -v{a)\ Et -u{a) E -v{r) + E -u{<j) Et -v{a) [ E u(a), E -v(t)]), 

and by (f2TT6l) 

Lit = E_ u ( a )E t iJ l - a . ) p t (H a )E_ u ( T y 
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Now by Lemma 13.21 we have 

K = ^ b ^, v e- v , (4.6) 

and since : p — > P is an isomorphism of Lie superalgebras, satisfying (|2.15p it 
follows that 

K n = n a ^ K,ri E -u(r,)- ( 4 - 7 ) 
r)£S(ir,a) 

The factor n a in (|4.7p comes from the presence of the term e a in the definition of . 

Now noting that it determines r and t in fj4.2j) set 

u n =p t {(a,X- p(q) - \\t\\) b ) = p t (n a (u(a),A - p{G) - v{\\t\\)) g ). 

Then 

^WA-p(g) =w 7r e_ ff e^ 1 e_ T v A _ /[ ,( fl ), (4.8) 

and 

-^7r«A-p(G) = naUvE-eZt^E-rVA-piG)- ( 4 - 9 ) 

Combining equation (|4.8p with equations (|4.3p and (|4.6p we have 

e a -e- n v X - p ( 5 )=uJ 7r e-. a e l Zae-TV\-p( 3 )+ ^ b 1T ^e- r) v x _ p{s) . (4.10) 

ri£S(ir,a) 

Applying (j) and noting (|4.4|) we have 

^■e^^)) = (-IJ^W^W^.^j^-^^m^g) (4.11) 
+ £ (-l) r W+™( Q )6 M i?_, (#A _ p(G) . 

On the other hand combining equation (|4.9p with equation (|4.7p as in the proof of 
equation (|4.10p we have 

Ev^-E-kVK-p^G) = n a W 7r-E-^( (T )^_~( Q ,)-E ; -iy(r)^A-p(G)+ n 

ri&S(tr,a) 

(4.12) 

Comparing equations (|4.1ip and (|4.12p , and taking note of (|4.5p , we see that equation 
(|4.ip holds in this case. 

5 The isotropic case. 

In this section we prove the following counterpart to Proposition 14. II for the isotropic 
simple root. 

Proposition 5.1. If (3 is the unique simple isotropic root, and ir £ P(7), then 

4>{ep ■ e- n v x _ p ^) = E v{p) ■ (t>(e- n v X -p( g )). (5.1) 
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We can write e- n = e-^e-pi and E—^ = E-%E_ u ipi\ where n is an non- 
isotropic partition, and f3' is the unique odd root of c such that 7r(/3') > 0. Thus 
[ep,e-it] = [K{p), E -7t] = 0, and [ep,e^p>] = [E^, E_ u ^,)} = unless /?' = (5 or 
j3' — (3 is a root. We consider each case separately. 

If /3' = p then 

ep ■ e-^vx-p^) = e^hpv X - p ( s ) = (/3, A - p(g)) g e^v X - p ( s ), 

and so 

4>(ep ■ e-nVx-pis)) = (- 1 Y {7T) (l 3 ^ ~ P(Q))s E -n v A~p(G)- 
On the other hand 

E u(J3) ■ 0(e-7T«A-p( fl )) = (-!) r(7r) ^(/3) ' E -kVA- P (G) 

= (-i) r W(i/(/3), A - p(G)) G E_^v A _ piG y 

Comparing the last two equations and using the definition of A gives equation (I5.ip 
in this case. 

Now suppose that /3' — ft = a is a non-isotropic root. Then by equation (|2.18p 
G-p-a = c a [e- a ,e-/3] and E_up +a \ = c a [E_ u ^, E_ v ip\] for some non-zero scalar 
c a . 

Lemma 5.2. With the above notation, we have 

ep ■ e-nVx-pig) = n Q (i/(/3), ^(a)) G c Q e_^e_ a u A „ p(g ), (5.2) 

and 

E u(p) ■ e -ttV A ^ p ( G) = (v((3),v(a)) G c a E^ E -v( a )V A - P (G)- (5-3) 
Proof. The Jacobi identity gives 

[ep,e-p- a ] = c a [ep,[e- a ,e-.p]} = -c a [hp,e- a ] 

= c a (/3, a) s e- a = n a (v{f}), v(a)) G c a e- a . 

Since ep ■ Vx- p r g -\ = 0, this gives (|5.2|) . and the proof of (j5.3[) is similar. □ 

Now if a is a root of gi, then since (3 + a is a root, we have e_ Q = e mjQ for some a. 
Since all root vectors of the form e miP commute, the proof of Lemma [3.21 shows that 
in 17(11-), 

e-ze-a = K, v e -vi ( 5 - 4 ) 

r):r(ri)=r(ir)+m a 

and so applying 9 

E -Tt E -u(a) = XT b n, V E ~V ( 5 - 5 ) 

rj:r(ri)=r(-n)+m a 
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From (|5.2p and (|5.4|) we have, 

4>(ep -e^vx-p^)) = n a (y(P),v(a)) G c a ^ (-lf^b^^E^vx-p^) 

?j:r(r))=r(7r)+m a 

= (-lfW^(/3), I ,(a)) G c Q «4,^-^a-p(b)(5.6) 

r;:r(r))=r(7r)+m a 

Similarly using (|5.3|) and (|5.5|) . 

E v(p) ■ ^e-nVx-ph)) = (-l) r(7r) £^ (/3 ) • ^_ 7r u A _ p ( G ) (5.7) 

= (-1)^(^/3), K«))<?c a £ «C,„£-„(„)«A-p(G). 

7? :r(?7)=r(7r)+r?i Q 

Comparing equation ()5.6[) to (|5.7p . we obtain equation (|5.ip . 

6 Sapovalov elements. 

Let G be a semisimple Lie algebra or the Lie superalgebra osp(l,2r). To state the 
next result it is helpful to introduce a modified notation for partitions. For r/ £ Q + 
and define P(rj) to be the set of all maps tt : A + — > N such that (I2.19P holds, and 
in addition ir(a) = or 1 for all positive isotropic roots a, and 7r(a) = whenever 
a is a root such that a/2 is an odd root. Now suppose the set A + is ordered in 
such a way that 2a follows a whenever a is an odd non-isotropic root. Let / be the 
bijection from P(r/) to P(r?) defined in [Musi 2] Remark 8.4.3. If a = /(vr) we define 
e_o- as in Equations (|2.19p and (|2.20p with it replaced by a. It is clear that e- a is a 
nonzero constant multiple of e- n . 

Let 7 be a non-isotropic root, and let ir° 6 P(p7) be the unique partition of p7 
such that 7r°(a) = for each non-simple root a. Let (A, 7 V ) = p. Suppose that one 
of the following holds 

p is an odd positive integer if 7 is an odd root, (6-1) 

p is a positive integer if 7 is an even root such that 7/2 is not a root. (6.2) 

For an element u in the Weyl group W, let £{u) be the length of u and set N(u) = 
{a 6 Ajj"|na < 0}. Suppose that 7 = w{3 for some w € W and simple root /3. 
For a € N(w~ 1 ), let q(w,a) = (w(3,a v ). For a a positive root, and then for it a 
partition, we define as in |Mus| the Clifford degree of a, 7r by 

Cdeg(a) = 2-i, for a G A+, Cdeg(7r) = ^ 7r(a)Cdeg(a). 

a€A+ 

For G a simple Lie algebra, parts (a) and (b) of the result below are due to Sapovalov, 
Sap72 . 
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Theorem 6.1. 

(a) The weight space Mc(A) A ~ p ( G )~ P7 contains a highest weight vector 0^ p VA-p(G) 
which is unique up to a scalar multiple. 

(b) ft£p = E. eP(p7) a 7r(^-)e-7r^A where a 7T (A) G K depends polynomially on A, 
and a w o = 1. 

(c) IfG is a simple Lie algebra, then a p7T ^(A) has leading term Hag/v^- 1 ) ^(h a ) pq ^ w ' a \ 
and for all tt G P(jry), \tt\ + dega^(A) < phtj. 

(d) If G = osp(l,2r), and p = 1, a^(A) has leading term Y\ a& N( w -i) A(h a ), and 
for all tt G P( 7 ), Cdeg(vr) + 2dega 7r (A) < 2£{w) + 1. 

Proof. The existence of and the polynomial nature of the coefficients follows from 
[Musl2j Theorem 9.2.6. Uniqueness follows from |Musl2| Theorem 9.3.1 or 9.3.6. 
Statements (c) and (d) are taken from |Mus| . □ 

Lemma 6.2. We have (A, 7 ) g = if and only if (A, ^(7) v )g = 1- 

Proof. Write 7 = f3 + ^ a a a where the sum is over the non-isotropic simple roots 
a of g. An easy calculation shows that (A, 1/(7))^ = (A, 7)3 + (p(G),v(f3)), so the 
result follows since v(ft) and ^(7) have the same length. □ 

Now suppose q = g(A,{m}) as in subsection 12.31 and that q 7^ G(3). The Verma 
module M(A) is defined as in (|2TTlj) . 

Theorem C. Let 7 be a positive isotropic root of g, and suppose (A, 7 ) 8 = 0. 
Then 

(a) The weight space M(A) A ~ p ( )~ 7 contains a highest weight vector 9^v\_ p r 3 \ 
which is unique up to a scalar multiple. 

(b) # A = Ett6P(7) a i"(^) e -i"' u ^ where a w (X) G K depends polynomially on A, and 
a n o = 1. 

(c) If II contains no odd non-isotropic root, then \n\ + dega 7r (A) < ht 7 for all 
vr G P( 7 ), and ^(A) has leading term ELe/VO- 1 ) HK) q( - w ' a) ■ 

(d) If LT contains an odd non-isotropic root, then Cdeg(7r)+2 deg a n (X) < 2£(w)+l, 
for all tt G P( 7 ), and a„- 7 (A) has leading term YlaeNl^w- 1 ) K a a)- 

Proof. This follows at once from Theorem 16. II with p = 1, Lemma 16.21 and Theorem 
B. □ 

The next result follows immediately from the definitions. 

Corollary 6.3. In Theorem C, if tt ^ 7r 7 then a n (X) < dega 7I - 7 (A). 
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The above results can be reformulated using the universal Verma module as in 
|Musl2j . First we define hyperplanes in h* as follows. For each non-isotropic root 
a, and integer p set 

H a>p = {\et)*\(\,a)=p(a,a)/2}. 

Similarly for an odd isotropic root 7 we let 

ft 7 = {AGh*|(A,7) = 0}. 

Now suppose that H. = H a . p or Hj. Let T(H) be the defining ideal of H, and 
0(H) = S(\))/Z(H) the ring of polynomial functions on H. Then if b~ = n~ © h 

M = U(g)/U( Q )n + = U(b~) = U(rC) <8> 5(h) 

is the universal Verma module. Given A € h* we define the specialization at A to be 
the map 

e A : M — ► M(A), a< ® &< — >• aA(AK_ p(s) . 

i i 

By lifting the polynomials a n (X) to H w G 5(h) such that H n (\) = a 7T (X), we obtain 
0a,p = Z^epfpa) e-TT-^Tr and 6> 7 = ^,rep( 7 ) e -7r#7r of M such that a , P V\- p ( a ) and 
0^vx~ p ( s ) are highest weight vectors 

These elements and # 7 are unique modulo the left ideal U(b~)I(H) of U(b~). 
In the next result, we set 9 a fi = 1. 

Corollary 6.4. Lei j be a positive isotropic root and a a non-isotropic root con- 
tained in Qq. Let v\_ p u\ be a highest weight vector in a Verma module with highest 
weight A, and set 7' = s a ^. Let p = (A,a v ) ; and suppose q = (7, a v ) € N\{0}. 
Assume that (|6.ip or (]6.2[) holds when 7 is replaced by a. Then 

(a) If (A, Y) fl = we have 

(b) If (A, 7)3 = 0, and p — g > 0, we have 

Proof. Under the hypothesis in (a) &a,pV\- p u) is a highest weight vector of weight 
s a ■ A and (s a ■ A + p, 7) = 0. Therefore 9 7 9 atP Vx- p ( s ) is a highest weight vector of 
weight 

A-r? = s a -A-7 = s Q -(A- 7'), 

but 9 a ^ p+q 9~ 1 iV\_ p ^ is a highest weight vector with the same weight. Hence by 
Theorem C (a), 9 1 9 ce)P vx- p ( & ) and 9 a:P+q 9yv X -p( 5 ) are equal up to a scalar multiple. 
Now if 7T° is the partition of n with tt°(o~) = for all non-simple roots a, then it 
follows easily from Theorem C (b), that e_ 7T ov x _ p ^ occurs with coefficient equal to 
one in both 9 1 9 ajP v X -p( s ) and 

V x- P (s) > and from tms we obt ain the desired 
conclusion. The proof of (b) is similar. □ 

Remark 6.5. The proof shows that the conclusion in (a) still holds if a is an even 
root such that a/2 is not a root, and p = 0. 
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7 Tables for Low Ranks. 



[m, G, ] trans P° sc 


Cartan matrix for G 


Cartan matrix for q 


Diagram for q 




1 

sl(3) 

.51(2,1) _ 






2 -1 " 

— 1 2 






-1 " 
—1 2 




o 




1 

0(5) 
osp(3,2) 






-2 " 

-2 2 






-2 " 
-2 2 




® y o 




1 

osp(l,4) 
osp(3,2) 






-2 " 
-2 2 






-2 " 

-2 2 








1 

sl(4) 
.51(1,3) _ 






"2-1 " 
-1 2 -1 
0-1 2 _ 






"0-1 " 
-1 2 -1 
0-1 2 _ 




® o o 




2 

al(4) 
. 01(2,2) _ 






"2-1 " 
-1 2 -1 
0-1 2 _ 






" -2 1 " 
1 -1 
0-1 2 




o ® o 



[to, G, ] trans P° se 



Cartan matrix for G 



1 

F(4) 



2 


-1 








-1 


2 


-1 








-1 


2 


-1 








-1 


1 



Cartan matrix for g 



Diagram for q 






-1 








-1 


2 


-1 








-1 


2 


-1 








-1 


1 



<x 



x> 



-o 
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[m, G, ] trans P° sc 


Cartan matrix for G 


Cartan matrix for q 


Diagram for q 




1 

o(7) 
. osp(2,4) _ 






"2-1 " 
-1 2 -2 
0-2 4 _ 






"0-1 " 

-1 2 -2 
0-2 4 _ 




® O <^ O 




2 
o(7) 
. osp(4,2) _ 






"2-1 " 
-1 2 -2 
0-2 4 _ 






" -2 1 " 
1 -2 
0-2 4 _ 




O^Hg ^> O 




1 

o(6) 
. osp(4,2) _ 






2 -1 -1 " 
-12 
-10 2 






-1 -1 " 
-12 
-10 2 




< 

o 




1 

osp(l,6) 
. osp(3,4) _ 






"2-1 " 
-1 2 -1 
0-1 1 _ 






"0-1 " 

-1 2 -1 
.0-1 1 _ 




® — o y • 




2 

sp(6) 
. osp(3,4) _ 






"2-1 " 
-1 2 -1 
0-1 1 _ 






" -2 1 " 
1 -1 
0-1 1 _ 




o — y o 




1 

Bp (6) 
_ osp(5,2) _ 






"2-1 " 
-1 2 -1 
0-1 1 _ 






"0-1 " 

-1 2 -1 
.0-1 1 _ 




0- -o N o 




2 

osp(l,6) 
osp(5,2) 






"2-1 " 
-1 2 -1 
-1 1 






" -2 1 " 
1 -1 
-1 1 
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